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Figure 1: One-bounce global illumination for a dynamic scene with normal mapped glossy surfaces (264K triangles, resolution:
TM
1920×1088, GPU: AMD Radeon R9 290X). Real-time rendering using virtual point lights (VPLs) [REH∗ 11] produces spiky
artifacts (left), while our virtual spherical Gaussian lights (VSGLs) do not (right).
Abstract
Virtual point lights (VPLs) are well established for real-time global illumination. However, this method suffers from
spiky artifacts and flickering caused by singularities of VPLs, highly glossy materials, high-frequency textures, and
discontinuous geometries. To avoid these artifacts, this paper introduces a virtual spherical Gaussian light (VSGL)
which roughly represents a set of VPLs. For a VSGL, the total radiant intensity and positional distribution of VPLs
are approximated using spherical Gaussians and a Gaussian distribution, respectively. Since this approximation
can be computed using summations of VPL parameters, VSGLs can be dynamically generated using mipmapped
reflective shadow maps. Our VSGL generation is simple and independent from any scene geometries. In addition,
reflected radiance for a VSGL is calculated using an analytic formula. Hence, we are able to render one-bounce
glossy interreflections at real-time frame rates with smaller artifacts.
Categories and Subject Descriptors (according to ACM CCS): I.3.7 [Computer Graphics]: Three-Dimensional
Graphics and Realism—Color, shading, shadowing, and texture

1. Introduction
Indirect illumination effects are perceptually important for
interactive applications such as video games, lighting de-
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sign and virtual reality systems. Although virtual point light
(VPL) [Kel97] based global illumination methods are well
established for real-time applications, they have considerable problems such as spiky artifacts and flickering. These
are due to the variance of Monte Carlo integration, and
caused by singularities of VPLs, highly glossy materials,
high-frequency textures, and discontinuous geometries (Fig.
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1). Virtual spherical lights [HKWB09] addressed this issue
for offline rendering, but this method is unsuitable for realtime rendering. This is because virtual spherical lights uses
expensive methods such as the k-nearest neighbor algorithm
and numerical radiance evaluation for each virtual light.

• This paper demonstrates dynamic caustics at real-time
frame rates.

On the other hand, spherical Gaussian lights are often
used in order to approximate all-frequency rendering such
as static environmental lighting [TS06]. The illumination
due to these lights is evaluated using the product integral
of spherical Gaussians which has an analytical solution. Recently, Xu et al. [XCM∗ 14] proposed an indirect illumination algorithm based on spherical Gaussian lights whose
performance ranges from near-interactive to a few seconds
per frame. Although their algorithm can render high-quality
images, it is unsuitable for time-sensitive applications with
high-frequency textures. In addition, their light sources are
restricted to distant lights. Real-time global illumination for
all-frequency materials is still a challenging problem with
high industrial impact.

2.1. Related Work

This paper proposes a real-time frame rate method to dynamically generate virtual spherical Gaussian lights (VSGLs) which can represent all-frequency indirect illumination
with smaller variance than VPLs. Unlike Xu et al.’s algorithm, this technique supports indirect illumination lit from
point or spot lights. In this paper, a set of VPLs are approximated with a VSGL. A VSGL represents the total radiant intensity of VPLs using spherical Gaussians. Furthermore, the
distribution of VPL positions is represented with an isotropic
Gaussian distribution. Using VSGLs, the incoming radiance
at each shading point can be approximated with spherical
Gaussians, and thus the reflected radiance can be analytically calculated for a VSGL.
The advantage of our VSGLs is that they are generated
using summations of VPL parameters. Therefore, VSGLs
can be obtained from mipmapped reflective shadow maps
[DS05] inexpensively. In this paper, VSGLs are sampled
from the reflective shadow maps using filtered importance
sampling [KC08]. Our VSGL generation does not require
any expensive data structures. Hence, it is simple, easy to integrate in existing reflective shadow map-based frameworks,
and completely dynamic for one-bounce indirect illumination including caustics.
The contributions of our work are as follows:
• A VSGL, which represents a set of VPLs using spherical
Gaussians and a Gaussian distribution, is introduced to
handle highly glossy materials, high-frequency textures,
and discontinuous geometries. A simple spherical Gaussian approximation of incoming radiance from a VSGL is
also derived.
• VSGLs are dynamically generated using filtered importance sampling of reflective shadow maps, which is an
image-space technique and independent from scene geometries.

2. Background

Interactive global illumination algorithms were surveyed by
Ritschel et al. [RDGK12]. For a comprehensive survey of
VPL-based rendering, we refer the readers to Dachsbacher
et al. [DKH∗ 14]. Here we pay attention only to the most
relevant works.
Virtual point lights. For real-time rendering, singlebounce VPLs can be generated by rendering reflective
shadow maps. Dachsbacher and Stamminger [DS06] rendered caustics by combining a splatting algorithm and reflective shadow maps. To generate shadow maps for so many
VPLs, Ritschel et al. [RGK∗ 08] proposed imperfect shadow
maps using point-based rendering. They also proposed a
bidirectional reflective shadow mapping and adaptive imperfect shadow maps to take view-dependent importance into
account [REH∗ 11]. In their algorithm, thousands of VPLs
were resampled from reflective shadow maps according to
the importance. Dong et al. [DGR∗ 09] clustered VPLs into
tens of area lights using k-means, and then approximated visibilities of VPLs using a soft shadow map for each cluster.
To achieve real-time frame rates, interleaved sampling and
denoising filtering have often been used [WKB∗ 02]. While
the VPL method is theoretically unbiased, variance is visible
as spiky artifacts especially for glossy materials [KFB10]. In
addition, the variance is also visible as temporal flickering.
To alleviate flickering, Barák et al. [BBH13] proposed temporally coherent sampling based on the Metropolis-Hastings
algorithm. Simon et al. [SHD15] introduced rich-VPLs to
avoid spiky artifacts on glossy materials for offline multibounce global illumination. To avoid spiky artifacts for interactive or real-time rendering, virtual area light approximation has been developed.
Virtual area lights. Virtual spherical lights [HKWB09]
were proposed to avoid singularities of VPLs focusing on
offline rendering using a numerical approach. Since this
numerical approach is unsuitable for interactive rendering,
analytical approximations have been developed. Prutkin et
al. [PKD12] clustered pixels of a reflective shadow map
based on k-means similar to Dong et al. [DGR∗ 09], while
they approximated the clusters with area lights for analytical radiance evaluation. Luksch et al. [LTH∗ 13] clustered
VPLs using a kd-tree to generate virtual polygon lights to
update light maps. These lights were evaluated using analytical form factors which cannot reduce variance caused by
high-frequency bidirectional reflectance distribution functions (BRDFs). To take all-frequency materials into account,
Xu et al. [XCM∗ 14] approximated the outgoing radiance using spherical Gaussians for each triangle primitive lit from
c 2015 The Author(s)
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distant light sources. They also constructed a tree of these
virtual triangle lights for lightcuts [WFA∗ 05] like radiance
evaluation. This algorithm can produce high-quality images
in a few seconds. Furthermore, caustics can be rendered unlike eye-path tracing-based methods such as final gathering
using voxel cone tracing [CNS∗ 11]. However, their trianglebased hierarchy depends on scene geometries, and needs dynamic subdivision to handle textures.
Instead of area light approximations, this paper represents
the positional distribution of VPLs with an isotropic Gaussian distribution. This representation enables a simpler implementation which is independent from scene geometries
and not restricted to distant light sources. Our VSGL generation is performed in reflective shadow map space, and does
not require additional expensive data structures. In addition,
our approach also has an analytical solution of radiance evaluation unlike virtual spherical lights. Hence, it is more suitable for time-sensitive applications.
Spherical Gaussian lighting. Spherical Gaussians and
anisotropic spherical Gaussians [XSD∗ 13] are often used
for approximating the rendering of various types of materials under environment maps or area lights [WRG∗ 09,
XMR∗ 11,YZXW12,IDN12,IMDN14]. This is because they
have closed-form solutions for the integral, product, and
product integral, which are fundamental operations to evaluate rendering integrals. In addition, since a normalized
spherical Gaussian is equivalent to the von Mises-Fisher distribution, several spherical Gaussians can be merged into
a single spherical Gaussian in an analytic way [BDGS05].
Laurijssen et al. [LWDB10] merged specular lobes for variance reduction. Instead of this merging, more inexpensive
Toksvig’s filtering [Tok05] is also usable for spherical Gaussians. Since microfacet BRDFs can be analytically approximated with spherical Gaussians and anisotropic spherical
Gaussians [WRG∗ 09], approximation of incoming radiance
is now the main issue for real-time rendering. For static environment maps, fitting has been used in preprocessing. For indirect illumination, Xu et al. [XCM∗ 14] proposed the nearinteractive frame rate method using the triangle-based hierarchy. This paper proposes a real-time frame rate method for
completely dynamic glossy interreflections.

×
total radiant intensity

=

positional distribution

emitted radiance

Figure 2: Our virtual spherical Gaussian light (VSGL) representation. The total radiant intensity and positional distribution of VPLs are approximated using spherical Gaussians
and a Gaussian distribution, respectively. The emitted radiance of the VSGL is given by the product of both.
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In this paper, a normalized spherical Gaussian A(λ) is
used for representing the distribution of radiant intensity of
a virtual light.
3. Virtual Spherical Gaussian Lights
To reduce the variance of radiance estimation, this paper
approximates a set of VPLs with a virtual spherical Gaussian light (VSGL). For a VSGL, the total radiant intensity
and positional distribution of VPLs are respectively represented using spherical Gaussians and a Gaussian distribution
as shown in Fig. 2. This representation is computed using
a simple summation operation which can be inexpensively
calculated by mipmapping on the GPU.
3.1. Virtual light representation
3.1.1. Radiant intensity
Xu et al. [XCM∗ 14] approximated the directional term of
the emitted radiance of virtual light using spherical Gaussians. Unlike Xu et al., this paper approximates the radiant
intensity using spherical Gaussians to take the distribution
of surface normals into account. The radiant intensity of the
ith VPL for a direction ω is given as
ω, ni i,
ω) = Φi ρ(xi , ω 0i , ω )hω
Ii (ω

2.2. Spherical Gaussians
A spherical Gaussian is a type of spherical function for a
direction ω and is represented by using a Gaussian function
g as follows:


1
ωξ
ω, ξ , λ) = g kω
ω − ξ k,
G(ω
= eλ((ω ·ξ )−1) ,
λ
where ξ is the lobe axis, and λ is the lobe sharpness. ξ and
1
correspond to the mean and variance for the Gaussian
λ
function, respectively. The integral of a spherical Gaussian
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where Φi is the power of the ith photon emitted from the
light source, ω 0i is the incoming direction of the photon, and
ni is the surface normal at the VPL position xi , ρ(xi , ω 0i , ω )
ω, ni i = max(ω
ω · ni , 0). This paper first
is the BRDF, and hω
divides this BRDF into diffuse and specular components.
Then, the total radiant intensity of a set of VPLs is approximated with a single spherical Gaussian for each component
by using Toksvig’s filtering. Therefore, two spherical Gaussians are used for a VSGL on diffuse-specular surfaces. For
ease of explanation, this section hereafter describes only a
single BRDF component. The total radiant intensity of a set
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of VPLs S is represented as
ω) =
Iv (ω

xr

∑ Ii (ωω) ≈ cv G (ωω, ξ v , λv ) .
i∈S

To compute cv , ξ v and λv efficiently, each reflection lobe is
approximated using the product of a reflectance and normalized spherical Gaussian (derived in the supplemental material) as follows:
ω , ξ i , λi )
G (ω
A(λi )
i∈S
!
ω,ξξ ,λi )
G(ω
∑i∈S Φi Ri A(λii )
,
= ∑ Φi Ri
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≈
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.
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Using Toksvig’s filtering, the ith normalized spherical Gaussian is first approximately converted into its averaged direci
tion as ξ¯ i = λ λ+1
ξ i . Next, the weighted average of the dii

∑ Φ R ξ¯
rections is computed by ξ¯ v = ∑i∈S Φi i Ri i i . Finally, the filtered
i∈S
spherical Gaussian is obtained from the weighted average
ξ¯
direction as ξ v = ¯ v ,
kξ v k
∑ Φi Ri
given by cv = i∈S
.
A(λv )

λv =

kξ¯ v k
.
1−kξ¯ v k

The coefficient cv is

3.1.2. Positional distribution
In this paper, the positional distribution of VPLs is represented with a single isotropic Gaussian distribution for a
VSGL. Unlike radiant intensity, this distribution is not divided into diffuse and specular components to avoid the increase of visibility tests (i.e., shadow maps). The weighted
mean of VPL positions is computed by
∑ Φi (Rd,i + Rs,i )xi
µ v = i∈S
,
∑i∈S Φi (Rd,i + Rs,i )
where Rd,i and Rs,i are the diffuse reflectance and specular
reflectance at the ith VPL, respectively. The positional variance is also calculated using weighted average as
σ2v =

∑i∈S Φi (Rd,i + Rs,i )kxi k2
− kµµv k2 .
∑i∈S Φi (Rd,i + Rs,i )

Assuming VPLs are distributed on a planar surface, the emitted radiance of a VSGL is represented as follows:
Le (x, ω ) ≈



ω)
Iv (ω
2
g
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−
µ
k,
σ
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Figure 3: Since the VPL positions are represented using an
isotropic Gaussian distribution, the spherical region of the
VSGL viewed from the shading point x p is approximated
with a spherical Gaussian.

where Ri is the reflectance, and ξ i and λi are the axis
and sharpness of the reflection lobe at the ith VPL. Then,
the weighted average of normalized spherical Gaussians
weighted by Φi Ri is approximated with a single spherical
Gaussian as
∑i∈S Φi Ri

µv

n

(1)

where n is the surface normal which will be eliminated in
shading (§3.2). Therefore, a VSGL is represented with the

coefficient

cv
,
2πσ2v

lobe axis ξ v , lobe sharpness λv , positional

mean µ v and positional variance σ2v . Since these VSGL parameters are computed using a summation operation, they
can be inexpensively computed by mipmapping on the GPU.
3.2. Shading
For each shading point x p with view direction ω p , the reflected radiance is calculated using the rendering equation
[Kaj86] defined by
Z

L(x p , ω p ) =

S2

ω, n p idω
ω,
Lin (x p , ω )ρ(x p , ω p , ω )hω

(2)

where Lin (x p , ω ) is the incoming radiance, and n p is the
surface normal at the shading point. This paper approximates the incoming radiance using spherical Gaussians
for the analytical approximation of the rendering integral
[WRG∗ 09,XSD∗ 13]. Using Eq. 1, the approximated incoming radiance is given by
ω)
Lin (x p , ω ) = V (x p , x)Le (x, −ω

ω) 
V (x p , µ v )Iv (−ω
2
≈
g
kx
−
µ
k,
σ
, (3)
v
v
ω · n|
2πσ2v |ω
x−x

where ω = kx−x p k , and V (x p , µ v ) is the visibility between
p
x p and µ v obtained from a shadow map. x is assumed to be
on the planar surface defined by the normal n and position
µv.
Here this paper introduces virtual spherical light-like approximation [HKWB09]. Virtual spherical lights do not take
the surface orientation into account for the shape viewed
ω · n| is multiplied to corfrom a shading point. Instead, |ω
rect the energy. Similar to this, this paper approximates the
ω · n|. For our case, it is
surface orientation by multiplying |ω
ω · n|, and thus n is eliminated. This is reasondivided by |ω
able because the actual surface normal distribution is taken
ω). Our represeninto account by the radiant intensity Iv (−ω
tation of the positional distribution is an isotropic Gaussian
distribution which is directionally independent similar to a
spherical light. The shape of a virtual spherical light viewed
c 2015 The Author(s)
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Φi Rd,i
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Φi Rd,i ξ¯ d,i

Φi Rs,i ξ¯ s,i

Φi (Rd,i + Rs,i )xi

Φi (Rd,i + Rs,i )kxi k2

(a) diffuse weight buffer

(b) specular weight buffer

(c) diffuse lobe buffer

(d) specualr lobe buffer

(e) position buffer (XYZ)

(f) position buffer (W)

Figure 4: Our mipmapped reflective shadow map. ξ¯ d,i and ξ¯ s,i are average directions of diffuse and specular reflection lobes,
respectively. The diffuse weight buffer (a) and specular weight buffer (b) have RGB channels. In our implementation, the total
of these RGB channels is used as the weight of the diffuse lobe buffer (c), specular lobe buffer (d), and position buffer (e)(f) for
simplicity. The weighted position (e) and weighted squared norm of the position (f) are packed into a single position buffer.

from a shading point is represented by projecting the spherical light onto the sphere centered at the shading point. Therefore, the viewed shape of a VSGL is also approximated by
projecting onto this sphere. Hence, Eq. 3 is approximated as
follows:

ω) 
V (x p , µ v )Iv (−ω
2
Lin (x p , ω ) ≈
g
kx
−
µ
k,
σ
,
r
v
v
2πσ2v
x −x

where ω = kxr −x p k , and xr is the position on the sphere
r
p
defined by the center x p and radius kµµv − x p k as shown in
Fig. 3. This is derived assuming a small σv or large radius,
but it does not produce noticeable artifacts in practice for a
large σv and small radius. Furthermore, the Gaussian term
can be rewritten into a spherical Gaussian as


ω, ξ µ , λσ ),
(4)
g kxr − µ v k, σ2v = G(ω
µ −x

kµµ −x k2

where ξ µ = kµµv −x p k , and λσ = v σ2 p . This spherip
v
v
cal Gaussian represents the spherical region of the VSGL
viewed from x p . Using Eq. 4, the incoming radiance is
approximated with the product of two spherical Gaussians
which yields a spherical Gaussian as follows:
Lin (x p , ω ) ≈

V (x p , µ v )cv
ω, −ξξv , λv ) G(ω
ω, ξ µ , λσ )
G (ω
2πσ2v

ω, ξin , λin ) ,
= cin G (ω
λσ ξ µ −λv ξ v
,
kλσ ξ µ −λv ξ v k
V (x p ,µµv )cv λin −λv −λσ
.
e
2πσ2v

where ξin =

(5)

where ξ a =

xa −x p
,
kxa −x p k

and xa is the center of the virtual
∆ hξξ ,n i

a a
light. kΩa k is the solid angle computed as kΩa k ≈ kxa −x
2,
a
pk
where ∆a and na are the area and average normal of the virtual light, respectively. Since they approximated the directional term of emitted radiance using spherical Gaussians,
the surface orientation had to be taken into account by the
spherical region. On the other hand, our method eliminates
the surface normal for the spherical region because the distribution of surface normals is taken into account by the radiant
ω). This approach avoids flipping of the averintensity Iv (−ω
age normal on complex objects which is noticeable when
using a few VSGLs. Eq. 4 has no coefficient, and thus it
is lower-frequency and simpler than Eq. 6, while both approximately preserve energy. In addition, this paper does not
need area ∆a , which is calculated using a bounding sphere
[HKWB09]; 2D convex hull [LTH∗ 13]; or total of triangle
areas [XCM∗ 14]. Instead of the area, we use variance σ2v
obtained by mipmapping.

4. Generating Virtual Spherical Gaussian Lights
Since our virtual spherical Gaussian lights (VSGLs) are
calculated using summations of VPL parameters (i.e., pixels of reflective shadow maps), they can be generated by
mipmapping of reflective shadow maps for completely dynamic scenes.

λin = kλσ ξ µ − λv ξ v k, and

cin =
Since the reflection lobe
ω, n p i can be approximated using anisotropic
ρ(x p , ω p , ω )hω
spherical Gaussians, Eq. 2 can be calculated using the
analytical product integral of the spherical Gaussian
and anisotropic spherical Gaussians (please refer to the
supplemental material).
Comparison with area light approximation. For the
spherical region of a virtual area light viewed from a shading
point, Xu et al. [XCM∗ 14] introduced the following spherical Gaussian approximation:


4π
2G ω , ξ a ,
,
(6)
kΩa k
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4.1. Our mipmapped reflective shadow maps
Our reflective shadow map has five buffers shown in Fig. 4.
Once reflective shadow maps are rendered, their mipmaps
are generated. Via mipmapping, VPLs are implicitly clustered with a quadtree in reflective shadow map space. Thus,
each total value of a cluster S can be obtained using a pixel
position s and mip level l. For example, let B(s, l) be the
value of diffuse weight buffer, then the total diffuse weight is
given by ∑i∈S Φi Rd,i = 4l B(s, l). While this mipmap-based
clustering ignores difference of depths, it does not produce
undesirable high-frequency artifacts. This is because lowerfrequency VSGLs are generated on such discontinuous geometries as shown in Fig. 5.
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rendering result

importance map

rendering result

importance map

rendering result

w/o BRSM

importance map

23.1 ms

Previous BRSM

Figure 5: Since VPLs are sparsely distributed on depth discontinuous regions, lower-frequency virtual spherical Gaussian lights (VSGLs) are generated on such regions. These
VSGLs produce a smoother illumination appearance, and
alleviate temporal flickering.

21.2 ms

4.2. Filtered importance sampling

4.3. Importance estimation using virtual spherical
Gaussian lights
To render high-frequency illumination such as caustics, this
paper proposes an improved bidirectional reflective shadow
map technique as an option. The probability density on the
reflective shadow map (i.e., importance of the VPL) is estimated by computing indirect illumination exchanging reflective shadow maps and a G-buffer. However, this importance
estimation can have high variance, especially for glossy interreflections. Therefore, to reduce variance, our VSGLs are
also used for the importance estimation as shown in Fig.
6. For this bidirectional reflective shadow mapping, a diffuse lobe buffer, specular lobe buffer, and position buffer are
added into the G-buffer. Unlike reflective shadow maps, only
reflectances are used as weights. The G-buffer is mipmapped
similarly to reflective shadow maps, and then VSGLs are
generated on the view side to estimate the probability density on the reflective shadow map. One limitation of bidirectional reflective shadow map techniques is that sample points
are often temporally incoherent, even if the importance es-

Our BRSM

For VPLs, Ritschel et al. [REH∗ 11] sampled pixel positions
of reflective shadow map according to a probability density
function represented by an importance map. Instead of this
standard importance sampling, this paper employs filtered
importance sampling [KC08] to select s and l for VSGLs.
Filtered importance sampling smoothes samples on unimportant regions via mipmapping, and it is often used for variance reduction of environmental lighting. We employ it for
the mipmapped reflective shadow maps to approximate indirect illumination. The pixel position s is sampled using standard importance sampling performed by hierarchical sample
warping [CJAMJ05]. The mip level l is determined based on
the sample density as l = lmax − 12 log2 N p(s), where lmax is
the top mip level of the reflective shadow map, N is the number of VSGLs, and p(s) is the probability density function.
This paper uses p(s) ∝ Φi (Rd,i + Rs,i ) as default. While it is
simple, inexpensive, and almost temporally coherent, it can
blur some high-frequency illumination such as caustics.

21.3 ms

Figure 6: Caustics using 1024 virtual spherical Gaussian
lights (514 triangles scene). Rendering without the bidirectional reflective shadow mapping (BRSM) (top) suppresses
flickering, while it also blurs illumination appearance. The
previous BRSM (middle) cannot estimate an accurate importance for specular surfaces, and thus produces large errors.
Our BRSM (bottom) renders more accurate results than the
previous method.

timation is converged. Although our VSGLs alleviate this
limitation using mipmap filtering, it cannot be avoided completely. Therefore, this paper recommends the bidirectional
reflective shadow mapping for applications which give priority to detailed illumination over temporal coherence, such
as lighting design.
5. Experimental Results
We show rendering results using 1024 virtual spherical
Gaussian lights (VSGLs) performed on an AMD Radeon R9
290X. The frame buffer and reflective shadow map resolutions are 1920×1088 and 2562 , respectively. To evaluate the
visibility of each VSGL, an adaptive imperfect shadow map
of resolution 642 is employed. For each adaptive imperfect
shadow map, 8192 shadow caster points are used, and 1/16
of them are updated for each frame in a round-robin fashion.
8×8 interleaved sampling and 17×17 denoising filtering are
used to alleviate the shading cost. For bidirectional reflective shadow mapping, 4096 VSGLs without shadow maps
are generated on the G-buffer. For comparison, the same
number of samples as VSGLs is used for VPLs. The GGX
normal distribution function [WMLT07] is used for glossy
BRDFs. In this paper, the diffuse lobe buffer, specular lobe
c 2015 The Author(s)
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(a) importance map

(c) importance map

(b) rendering result

(d) rendering result

18.6 ms

21.5 ms

VPLs

VSGLs

Figure 7: Caustics using bidirectional reflective shadow mapping (BRSM) (14 triangles scene, roughness: 0.004). Point
sampling-based BRSM produces large errors (a), and thus generates VPLs with high variance. In addition, VPLs also produces intense spiky artifacts for the resulting image (b). Using virtual spherical Gaussian lights (VSGLs), these artifacts are
reduced significantly (c)(d).
(a) reference

(b) VPLs with BRSM

23.1 ms
(c) VSGLs w/o BRSM

(d) VSGLs with BRSM

25.6 ms

25.4 ms

Figure 8: Textured dynamic scene with normal maps (264K triangles, minimum roughness: 0.04). Virtual spherical Gaussian
lights (VSGLs) without bidirectional reflective shadow mapping (BRSM) (c) suppress spiky artifacts and flickering, while it has
the side-effect of possibly overblurring some illumination details. Such illumination details can be rendered using BRSM (d),
though flickering is remained slightly.

buffer and position buffer of a reflective shadow map and Gbuffer are generated using a compute shader after rendering
the standard reflective shadow map and G-buffer (e.g., depth,
normal, roughness, diffuse weight and specular weight) for
acceleration.
Caustics. Fig. 7 shows caustics rendered using VPLs and
VSGLs with bidirectional reflective shadow mapping at
real-time frame rates. The previous bidirectional reflective
shadow mapping (a) is unsuitable for such scenes since the
importance map can be estimated with large variance which
induces additional errors for resulting images. In addition,
c 2015 The Author(s)
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the VPL evaluation also has large variance. Hence, intense
spiky artifacts and flickering are produced (b). On the other
hand, our method renders such caustics with less variance
(c)(d).
Dynamic scenes. Fig. 8 shows a textured dynamic scene
with complex geometries and normal maps. For this scene,
1024 VPLs are insufficient to accurately represent indirect illumination (b). On the other hand, our method significantly reduces spiky artifacts and flickering (c)(d). For
such insufficient samples, although our approach can produce lower-frequency illumination appearance than is actu-
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Table 1: Averaged computation times for indirect illumination (ms).
14 triangles

331K triangles

VPLs VSGLs VSGLs

VPLs VSGLs VSGLs

(w/o BRSM) (with BRSM)

G-buffer
Reflective shadow map
Additional G-buffer
Additional reflective shadow map
Importance map
VPL/VSGL sampling
Adaptive imperfect shadow maps
Radiance evaluation
Denoising filter

0.15 0.15
0.29 0.29
0.19
0.70 0.04
0.02 0.02
11.19 10.58
3.44 4.50
2.68 2.68

ally the case, it is visually acceptable compared to the VPLbased method which produces high-frequency artifacts. Fig.
8(d) is rendered using bidirectional reflective shadow mapping. Although the bidirectional reflective shadow mapping
can produce more detailed illumination, slight flickering still
can be produced compared to without bidirectional reflective shadow mapping (c) (please refer to the supplemental
video).
Performance. Table 1 shows the computation time of each
procedure. The performance of our contributions (written in
bold) is independent from the triangle count and number of
dynamic objects, and is not the main bottleneck. The difference of adaptive imperfect shadow maps is due to sampled
mean positions µ v . The overhead of our method is due to
the additional buffer generation, mipmapping, and radiance
evaluation using spherical Gaussians. Compared to VPLs,
the total overhead of virtual spherical Gaussian lights (VSGLs) with bidirectional reflective shadow mapping (BRSM)
is 2-4 ms.
Accuracy. Fig. 9 shows the quality comparison using the
root mean squared error metric. For this experiment, a resolution of 40962 reflective shadow map is used. In addition,
adaptive imperfect shadow maps are omitted to remove errors of adaptive imperfect shadow maps (which are not our
contribution). VSGLs reduce errors, especially for a smaller
number of samples. Although our method is an inconsistent
estimator, it has lower errors even for hundreds of thousands
of samples which perform at a few seconds per frame.
6. Limitations and Future Work

0.15
0.29
1.49
0.19
0.79
0.02
10.87
4.60
2.68

264K triangles

VPLs VSGLs VSGLs

(w/o BRSM) (with BRSM)

0.42 0.42
0.35 0.35
0.19
0.69 0.04
0.02 0.02
15.15 15.41
3.25 4.44
2.68 2.68

0.42
0.35
1.48
0.19
0.78
0.02
15.71
4.44
2.68

(w/o BRSM) (with BRSM)

0.54 0.54
0.30 0.30
0.19
0.70 0.04
0.02 0.02
14.30 16.21
3.60 4.46
2.68 2.68

0.54
0.30
1.49
0.19
0.79
0.02
13.93
4.65
2.68

64 VSGLs w/o adaptive imperfect shadow maps

64 VPLs

64 VSGLs

RMSE: 5.969

RMSE: 0.095

Reference

RMSE

VPLs
VSGLs

samples

Figure 9: Quality comparison. Virtual spherical Gaussian lights (VSGLs) produce significantly lower root mean
squared errors (RMSEs) than VPLs for smaller number of
samples. Even for hundreds of thousands of samples, our
method still has lower errors.

Blurring. Unlike VPLs, the proposed method has bias
which can blur illumination appearance. However, this blurring is more visually acceptable than spiky artifacts and
c 2015 The Author(s)
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flickering, especially for a smaller number of virtual spherical Gaussian lights (VSGLs). Although our method is also
an inconsistent estimator, undesirable errors are reduced at
real-time frame rates. For accurate rendering, the bias can
be removed by canceling spherical Gaussian approximations
while increasing the number of VSGLs. We would like to investigate the effectiveness of this approach in the future.
Multi-lobe BRDFs. Although a larger number of spherical Gaussians can be used for multi-lobe BRDFs, the complexity of the product integral of two spherical Gaussianmixtures is O(K 2 ), where K is the size of the spherical
Gaussian-mixture. Therefore, this paper restricts K = 2 for
diffuse-specular BRDFs. For multi-lobe BRDFs, the number of lobes can be reduced on-the-fly using inexpensive
Toksvig’s filtering.

to render one-bounce glossy interreflections including caustics with a few milliseconds overhead as compared to VPLs.
When the number of VPLs is insufficient to approximate indirect illumination, the proposed method exchanges undesirable variance for visually acceptable bias in a simplistic way. Although our method suppresses artifacts significantly, flickering caused by bidirectional reflective shadow
mapping cannot be avoided completely. For future work,
we would like to investigate the effectiveness of combining
with temporally coherent sampling for bidirectional reflective shadow mapping. In addition, since our VSGL generation performs in an image space, it is also potentially applicable for dynamic environment maps. We would like to implement an on-the-fly spherical Gaussian lights generation
for environmental lighting in the future.
Acknowledgements

Light leaks. Due to the rough representation of positional
distribution, our method can produce light leaks. These leaks
are often noticeable when the true distribution is multimodal for a cluster S. This problem can be alleviated by
dividing the positional distribution into diffuse and specular components. However, this approach requires twice the
number of shadow maps.
Shadow maps. Our implementation uses adaptive imperfect shadow maps to evaluate visibilities of VSGLs. Imperfect shadow map-based methods also have high bias due to
their imperfectness. In addition, when a scene has dynamic
objects, adaptive imperfect shadow maps can produce wavering shadows even for static objects. This can be avoided
by using non-adaptive imperfect shadow maps with more
shadow caster points which can sacrifice performance. This
issue is problematic not only for our method, but also most
real-time many-lights algorithms.
Temporal coherence of bidirectional reflective shadow
mapping. Although the importance estimation using bidirectional reflective shadow mapping is sufficiently converged, flickering can still be produced on the resulting image. This paper inherits this limitation from bidirectional reflective shadow mapping. However, this flickering can be
avoided by temporally coherent Metropolis-Hastings sampling [BBH13]. For future work, we would like to investigate such sampling methods to moreover reduce flickering.

7. Conclusions
This paper has presented a simple approximation of a set
of VPLs called virtual spherical Gaussian light (VSGL) for
real-time applications. Since our VSGL representation is
calculated using a summation operation, they are simply
generated by mipmapping of reflective shadow maps. In addition, VSGL-based radiance estimation is also usable for
bidirectional reflective shadow mapping. Hence, we are able
c 2015 The Author(s)
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[DKH∗ 14] DACHSBACHER C., K ŘIVÁNEK J., H AŠAN M., A R BREE A., WALTER B., N OVÁK J.: Scalable realistic rendering
with many-light methods. Comput. Graph. Forum 33, 1 (2014),
88–104. 2
[DS05] DACHSBACHER C., S TAMMINGER M.:
shadow maps. In I3D ’05 (2005), pp. 203–231. 2

Reflective

[DS06] DACHSBACHER C., S TAMMINGER M.: Splatting indirect
illumination. In I3D ’06 (2006), pp. 93–100. 2
[HKWB09] H AŠAN M., K ŘIVÁNEK J., WALTER B., BALA K.:
Virtual spherical lights for many-light rendering of glossy scenes.
ACM Trans. Graph. 28, 5 (2009), 143:1–143:6. 2, 4, 5
[IDN12] I WASAKI K., D OBASHI Y., N ISHITA T.: Interactive biscale editing of highly glossy materials. ACM Trans. Graph. 31,
6 (2012), 144:1–144:7. 3
[IMDN14] I WASAKI K., M IZUTANI K., D OBASHI Y., N ISHITA
T.: Interactive cloth rendering of microcylinder appearance
model under environment lighting. Comput. Graph. Forum 33,
2 (2014), 333–340. 3

Yusuke Tokuyoshi / Virtual Spherical Gaussian Lights for Real-time Glossy Indirect Illumination
[Kaj86] K AJIYA J. T.: The rendering equation. SIGGRAPH Comput. Graph. 20, 4 (1986), 143–150. 4
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