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S A BIODKEERFIEZR

Peter-Pike Sloan, Jan Kautz, and John Snyder.
Precomputed radiance transfer for real-time rendering in
dynamic, low-frequency lighting environments.

ACM Trans. Graph. 21, 3 (July 2002), 527-536.

o-n® 9/

project lighting into SH apply transfer functions to light

diffuse surface self-transfer

Figure 1: Precomputed., unshadowed irradiance from [34] (left) vs. our
precomputed transfer (right). The right model can be rendered at 129Hz
with self-shadowing and self-interreflection in any lighting environment.
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drac.f
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Fgu e 5. The first 5 SH bands plc ttedasunslgn ed spherical functions by
di m fomth origin and by colou nit sphere. Green (light gray) are
values and red (dark gray) ar

Spherlcal Harmonlc nghtlng The Gritty Details, Green, R.,
http://www.research.scea.com/gdc2003/spherical- harmomc-lighting.html 2003.
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Bruno Vallet, and Bruno Lévy.
Spectral Geometry Processing with Manifold Harmonics.
Computer Graphics Forum, Wiley, 2008, 27 (2), pp.251-260.

Figure 1: Processing pipeline of our method: A: Compute the Manifold Harmonic Basis (MHB) of the input triangulated
mesh. B: Transform the geometry into frequency space by computing the Manifold Harmonic Transform (MHT). C: Apply the
[frequency space filter on the transformed geometry. D: Transform back into geometric space by computing the inverse MHT.
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Figure 4: Reconstructions obtained with an increasing number of MH functions.
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B A B3 Deformation

Rhaleb Zayer, Christian Rossl, Zachi Karni, and Hans-Peter Seidel
Harmonic Guidance for Surface Deformation
Euro Graphics, (2005)

S. Kaji and G. Liu, Probe-type deformers, Mathematical Progress in Expressive
Image Synthesis Il, pp. 63--77. Springer-Japan, 2015.
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B A : Fl@Poisson Image Editing

Pérez, P., Gangnet, M., and Blake, A.
Poisson image editing
ACM Trans. Graph. 22, 3 (2003), 313 - 318.
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« Bruno Vallet, Bruno Lévy.
Spectral Geometry Processing with Manifold Harmonics.
Computer Graphics Forum, Wiley, 2008, 27 (2), pp.251-260.

Figure 1: Processing pipeline of our method: A: Compute the Manifold Harmonic Basis (MHB) of the input triangulated
mesh. B: Transform the geometry into frequency space by computing the Manifold Harmonic Transform (MHT). C: Apply the
[frequency space filter on the transformed geometry. D: Transform back into geometric space by computing the inverse MHT.
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2.2. DEC for spectral analysis

that we are using to define the inner product < .,
eralized secand.order derivative (i.e. Laplacian operator).

. > and gen-

For a complete introduction to DEC we refer the reader
to [DKTOS5], [Hir(3] and to [AFW06] for proofs of conver-

A k-simplex sg|is the geometric span of k4 1 points. For
—msrance. o, 1and 2-simplices are points, edges and trian-

gles respective] yrti=aii=cantesd=a=tcsh can be defined as

a 2-dimensiona) simplicial complex|S, i.e. a collection of

n ] iges (=0T 1T27~witlrsoThe conditions to make
itf manifold A discrete k-form @* on § is given by a real
v ) associated with each oriented k-simplex (that

corresponds to the integral of a smooth k-faum over the

simplex). The set Qk(S) of k-forms on S'is g

vector space

o

dimension rny. With a proper numbering of
k
o]

1 1
TICTATSTITTPITICTS,

can be assimilated to a vector of size ng, and linear op-

erators from QX(S) to Q!(S) can be assimilated to (ng,n;)

matrices.

Thelexterior derivative Iy, : Q¥(S) — QK1(S) is defined by
the Stgmed=adfacemey-matrix: (di)s, 5., = =1 if s¢ belongs

to the boundary of sz, with the sign depending on their

respective orientations.

Discrete Exterior Calculus
Simplex / Simplicial Complex
Manifold

Vector Space e
Exterior Derivative -

A - BEE - ICRICTARTO
AR MM DELG DT TILAR L
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Iibigl?ﬁ’:’.ﬂ\ AH

o E(FFHXDEZ(SLIibiglDEEE T HIEE
(F21— MUILICEROATH HD)

- SEIAA > 12D Cotan Laplacian®t
B —1TCEITD

V:IERIER FEFR

igl::COtmatFIX(V,F,L); ' '
U Lsgsoruss | F7IVTURAERNEERLOET

(H F) 51 A : https://libigl.github.io/tutorial/
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ERIDICHI(ZAMT S UFIA)

| | f libigl(https://libigl.github.io/)D
I tutoriallC” Eigen Decomposition”/HY,
Resg Pasg? 0 A= B”_‘_,, Ciﬁ” 4 TDFIRFERSNTLD

2.3. The Manifold Harmonic Basis (MHB) SparseMatriX<dW Cotan Laplacian
igl::cotmatrix(V,F,L):

Given these definitions, we can now compute the MHB, de- igl::massmatrix(V,F,igl: :MASSMATRIX TYPE DEFAULT,M) ;

fined to be the set of eigenvectors of A expressed in the Eigen: :MatrideKN ]

canonical basis: Eigen::VectorXd S; HOdge star (Mass matrlx)

1. Assemble the discrete Laplacian A (see Equation 4); igl: =eigsw) |

2. Compute its eigenvectors (H¥) (see Section 4); Eigen vectors

3. Map them into the canonical basis: (H¥) = (-*(;1/25’”‘)‘ L/b\ L...

The set of so-obtained (H*) vectors is called the Manifold
Harmonics basis (MHB). An example is shown in Figure 3.
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IGAAO(—B=1 IS UEFE

cot(B;; )+ cot(B;) SparseMatrix<double> L, M; //L:5 7 T5, M:EH1TSI
v v igl::cotmatrix(V, F, L);

igl::massmatrix(V, F, igl::MASSMATRIX_TYPE_DEFAULT, M);

SparseMatrix<double> Msqrt; //Msqgrt:M~(-1/2)

LIl
N’

j==

—l

Msgrt = (M.cwiselInverse()).cwiseSqrt();
N / SparseMatrix<double> Lbar;
A— _HZA*SH C A — - ij ) Lbar = Msqrt * L * Msqrt;

=70

( J As =0 1 Apgg <0

(2)  while(2,y < @2)

(3) compute the Cholevsky factorization| of Ag = A — Agld
(4) find the 50 first eigenpairs (H*, 1) of Agl

(5) for k =1to 50

(6) Mg — s+ 1/ 1k
(7)

(8)

©)

(10

(11

fined to be the set of eigenvectors of A express¢d in the
canonical basis:

if (A}r\ = ;L!’(JSI) write (H'{;L;\)
end //for
As < max (A ) +0.4(max (A ) —min(A))
Alast < max(Ag)
end //while

1. Assemble the discrete Laplacian A (see Equatipn 4);

S}

Compute its eigenvectors (H¥) (see Section 4);

. . . —1/2 ~
3. Map them into the canonical basis: (H¥) = (%0 ! aHK).

The set of so-obtained (H¥) vectors is called the Manifold %ﬁﬂ;'fﬁi‘; bﬁﬁb\ﬂ(i‘%%_@ g% 5

Harmonics basis (MHB). An example is shown in Figure 3.
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~ ~ ! / a Lr L o1
\ cot(Bij) + (“Ot(ﬁij) - ZA DEC provides Q% (S) with a L, inner product
ij * ’ = = ij k ok kT k
vi = < 0.0y >= (0F)" % 0 (3)
where  is the so-called Hodge star. As a matrix, the Hodge
star is diagonal with elements |s;|/|sx| where s; denotes the
—1/2, —1/2 COtBij +cot 5:} circumcentric dual of simplex s, and |.| is the simplex vol-
A =5 A% ij ="

ume. [n particular, for vertices, edges and rriangles:

S

(*0)w = V[ 5 (%1 )ee = " = cotff, +cot f, :

2.3. The Manifold Harmonic Basis (MHB)

Given these definitions, we can now compute the MHB, de-
fined to be the set of eigenvectors of A expressgd in the
canonical basis:

where B, and B, denote the two angles opposite (o e.

EH{K(Simplex) EAREARE D O
1. Assemble the discrete Laplacian A (see Equatipn 4); ;'_E’Izjét“ % % 5
2. Compute its eigenvectors (H¥) (see Section 4

3. Map them into the canonical basis: (H¥) = (-*(;1/25’"‘)‘

The set of so-obtained (H*) vectors is called the Manifold
Harmonics basis (MHB). An example is shown in Figure 3.
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project lighting into SH apply transfer functions to light

A

diffuse surface self-transfer usis (MHB) of the input triangulated

1cy onic Transform (MHT). C: Apply the
frequency space filter on the transformed geometry. D: Tra mrf orm back into geometric space by computing the inverse MHT.
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In this orthonormalized basis (§;), the Laplacian A is sym-
metric, and its coefficients are given by:

— 12, —1/2 - cotf;; +cotB!.
K= 2112 2 o . L}

0 0 [
N

Cotan Laplacian
(A2 kD575 7Y)

4

T ZEBXRT LA

~ 5 > -l
where x; denotes the x coordinate at vertex i. Computing the Fé] 75‘1(&52/73\ (2 Xj-)f& LTW\W5%
MHT means projecting the function x into the MHB, i.e.
finding the coefficients &y such that:

m
=y Bk (6)
k=1

Since the MHB is orthonormal, we can easily project (5) and
(6) onto each HX' with the inner product:
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” * Figure 1: Processing pipeline of our method: A: Compute the Manifold Harmonic Basis (MHB) of the input triangulated
mesh. B: Transform the geometry into frequency space by computing the Manifold Harmonic Transform (MHT). C: Apply the
frequency space filier on the transformed geometry. D: Transform back into geometric space by computing the inverse MHT.
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